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The effect of one or several substituents X; on a molecular property f (reaction rate,
spectroscopic property, etc.) is often described in terms of substituent parameters A; (X) de-
pending on the nature X of the substituent, and the position i of substitution. We call self-
parametrization the case when the substituents are parameterized by thevalue 1; (X) = f; (X)
of f itself in the molecule monosubstituted by X in position i. On the example of the lin-
ear plus cross-term models, we show that self-parametrization implies that the coefficients of
the model are interdependent. The theoretical relations between them are given, for equiva-
lent or nonequivalent positions of substitution, and tested on measured acid-base equilibrium
constants, and NMR coupling constants.
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1. Introduction

Most of the properties which can be measured on molecules have been studied in
series of compounds, as functions of the nature of the substituents X; that are present in
one or severa positions i. These properties are chemical equilibrium constants, reaction
rates, NMR chemical shiftsor coupling constants, bond vibration frequencies, and others
[1-6]. In many cases, the effect of a substituent X on a property f can be represented
by ascalar parameter A;(X) (or several 1", i.e., avector parameter 1;), which depends
on the position i of the substituent, and on its nature X. The function A; can be either
aphysicochemical constant, or a parameter optimized from the data (indicator variable)
[7-9]. For n substituents, we have

f(xla cee Xn) = F[Al(xl)a e An(xn)]a (1)

where F' isascalar function of n variables.
Let usdenote by f;(X) = f(H,...,H, X, H, ..., H) thevaue of f measured in
the molecule monosubstituted by X in position i, i.e., having hydrogen atoms in the
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n — 1 other positions of substitution. We shall call self-parametrization the case when
the scalar function

2i(X) = fi(X) )

is chosen to parameterize the substituent X in position i. In this case, equation (1) can
be written as

f(xla cee ,Xn) = F[fl(xl)a B fn(xn)] (3)

In the present article we shall study the self-parametrization in the case when the
function F isalinear plus cross-term model,

fXy, ... X)) =ao+ Zali)w(xi) + Z Z azijhi( XA j(X;) (4)
=1

i=1 j=1j>i
:a0+zalifi(xi)+z Z azij [i X)) fi(X;). (5)
i=1 i=1 j=1,j>i

Equation (4) is asimple model to be tried [10] when nonadditive substituent effects are
observed on a property f. We will show that the coefficients a’s of equation (5) are
interdependent, and we shall verify this interdependence on several chemical examples.

To simplify the notations, the substituents have been indexed by only oneindex i in
equations (1)—5), agreeing that different indicesi, j sometimes represent the same posi-
tion of substitution. Thisreplaces double sums) » >, (p position of substitution, s sub-
stituent) [7] by only one sum ) ;, and avoids fourfold summations in equations (4), (5).

2. Alternative sets A, of substituent parametrizations compatible with
equation (4)

Let f(Xq,...,X,) beascdar property depending on the substituents placed in n
positions on a molecular substrate. We assume that, for each position of substitution i,
there exists a parametrization A;(X) such that f can be computed by equation (4).

(@ Clearly, any set (1)) of substituent parametrizations such that each A; isin an affine
relationship with A;,

M=o+ Biri (B #0), (6)

does not change the form of equation (4). Then, the coefficients of equation (4) are
changed into

- o; o
aézao_zalij+2202ij#7 (7)
i=1 ey

! i jj>i
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1 o

aii:E<ali—Za2ij#> i=1,...,n), (8)
l J#i J

/ a2ij .

agi; = ﬁjg]j i, j=1...,n). 9

We notice that some of the coefficients ao, a1;, ap;; could be removed, in choosing ap-
propriate constants «;, B; in equation (6).

(b) Among the sets (1)) of parametrizations defined by equation (6), one is the self-
parametrization ( f;). Indeed, we have

fiXX)=a; + Bii(X) (=1,...,n), (10
with the constants
a; =dao+ Z aijrj(H) + Z Z azjihj(H)Ar(H), (11)
JoJ#i JejFi k> j ki
Bi=ay+ Y axrj(H). 12)
JoJ#i

(c) Reciprocally, there are no other sets (1) of parametrizations compatible with equa-
tion (4), than those defined by equation (6). In fact, if two sets (1;) and (i}) are compat-
ible with the form of equation (4), they satisfy equation (10) and similarly

[iX) = aj + BiA;(X). (13
This shows that one also passes from A; to A; by an affine relationship.

(d) Finally, let us consider the particular case when the n positions of substitution are
equivalent with respect to the measured property f (for example, identical positions, or
symmetrical positions with respect to the active site of the molecule, when the property
is a reaction rate). Then, a common substituent parametrization A; = A can be used
for all the positions, and the coefficients a;; = a; are equal, as well as the coefficients
azj = ap. Equations (6) and (7)—9) for the change of parametrization can be simply
written as

2 o=a+ pa, (14)
and
-1 o?
616 =ap — n%al + n(nz ) %02, (15)
a; = %[al —(n— l)%az], (16)
ay= 2 (17)

E.
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There are two infinities of sets of coefficients (ao, a1, ay) that are equivalent in equa
tion (4), corresponding to the choice of « and g in equation (14). In other words, it is
possible to impose the values of two parameters chosen among ag, a1, ap, for example,
ag and a;. Therefore, there must be a combination of the three parameters which isin-
variant in the transformation (14). Indeed, by eliminating « and 8 between equations
(15)«17), we see that the quantity 4ag — 3a?/a, isinvariant, i.e., we have
2 2
MO—%=4¢16—3L}. (18)
ar a,

Note that equation (18) does not mean that the coefficients ao, a1, a, are interdependent:
examples can be provided where ag, a1, a, are equa to any given number.

3. Thesdf-parametrization A;(X) = f;(X)

(a) For the hydrogen substituent (X = H) the n parametrizations f; take the com-
mon value

fiH) = f(H,.... H), (19)
which will be denoted simply by f(H). By substracting this constant from f, we define
anew property

In this section, we shall assume that the property f can be represented by an equation of
the form (4), and, therefore, by an equation of the form (5) (see section 2). Clearly, the
property g also satisfies an equation of the form (5),

g(X1, ..., Xn) =bo+ Y bugi(Xi)+ ) > bagi(Xi) g; (X)), (22)

i=1 i=1 j,j>i
where
gX)y=¢gMH,....,H, X, H,....,H) (22
is the self-parametrization associated with g. The definition (20) implies
gH)=gH) =¢gH,....H) =0, (23)
which shows that by equals zero. In addition, equation (23) implies
gi(X)[by; — 1] =0 (24)

for any X and i. All the by;’s are therefore equal to one, and equation (21) can be
rewritten as

gXe, .. Xn) =) &i(X+ > Y baijgi(Xi)g (X)). (25)
i=1

i=1j,j>i
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Interms of f, equation (25) is equivaent to equation (5) with the coefficients

ap = f(H)[l—n+f(H)Z > azl»,}, (26)
i=1j,j>i
a; =1— f(H) Z aij, (27)
I J#

ay;; arbitrary. (28)

Eliminating the constant f(H) between the n + 1 equations (26), (27), we draw n rela
tions linking the (n? + n + 2) /2 coefficients ag, a1;, ay;j. These relations can be written
in an infinite number of manners, since they can be combined algebraically. A simple
system of n equations is obtained asfollows. Then equations (27) givethen — 1 relations
1— 1—ay
u A i=2...n). (29)
2 s 2 i G2

The nth relation will be obtained in a symmetrical form with respect to the coefficients
ay;, az;j. Let usintroduce the sums of the coefficients

S1= Z a, (30)
i—1

So= Z Z a;j. (31)
i=1 j,j>i

Summing the numerators and the denominators of the fractions (29), we have

Yial—ay)  n—5

> i1 Zj,j;ﬁi azij 25,
Eliminating f (H) between equations (26) and (32), we obtain
4agS; = (S, —n)(S1+n — 2). (33)

The number of coefficients and the number of relations indicated above are max-
imal values that may be reduced for symmetry reasons. In section 4, the relations (29)
and (33) will be examplified in several common cases.

(b) There are no other relations between the coefficients ag, a1;, a;; than the preced-
ing ones (or their algebraic combinations). Indeed, let us choose arbitrary substituent
parametrizations g; (X), each of them being equal to zero for X = H, and arbitrary co-
efficients by;;. Then, the property g defined by equation (25) is compatible with the
definition (22) of the g;’s. Next, choosing an arbitrary constant f(H), we can define
with equation (20) a property f which satisfies equation (5), and whose coefficients
ao, ai;, az;; are submitted to no other conditions than equations (26), (27).
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Let usincidentally notice that, except their common value (19) for X = H, thereare
no genera relationships between the parametrizations f; (since the g;'s can be chosen
arbitrarily). In particular, two parametrizations f; and f; are not necessarily linked by
an affine relationship.

(c) For alinear model without cross-term, we simply set ay;; = 0 in equations (26),
(27), whichyields ay; = 1forany i, and ag = (1 — n) f (H).

4. Twoor three substituentsin equivalent or nonequivalent positions

(a) Wefirst consider two positions of substitution, which can be equivalent or non-
equivalent, with respect to the measured property f. For two substituents, there is only
one coefficient ay;; = ap. The two coefficients ay; are equal, since equation (27) gives

ann =1— f(H)ax = a. (34
Equation (33) simplifiesinto
aopdy = al(al — 1). (35)

(b) For three substituents there are seven coefficients, ao, ai1, ai2, ais, a2 12, az.23, 42,31,
linked by the three relations

l-an _ l-ayp _ 1-ass (36)
az12+azz  azyztdasiz  drxz1+ a3
and
4apS> = (S1—3)(S1+ D). (37)
When the positions of substitution are equivalent, equation (5) can be written as
fX, Y, Z)=ap+ al[f(X) + f(Y) + f(Z)]
+a[ fXOfFY) + fFV)f@D) + fDFXD]. (38)
and equation (37) simplifiesinto
4apa; = (a1 — D)(3ay + 1). (39)

Since equation (38) can also be used to treat the case of two substituents only (by setting
Z = H), we should verify that equations (35) and (39) are compatible. Indeed, when
we fix Z = H in equation (38), we get an equation for two substituents only, whose
coefficients a, a3, a,

ap=ao + arf(H) + ax f2(H), (40)
ay=ai+axf(H), (41)
dy = az, (42)

differ from those ag, a1, a» of equation (38), and satisfy equation (35).
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5. Exampleschosen in acid—base equilibria

In this section, and the following one, we shall apply the previous results to exper-
imental values of several physicochemical properties. Our purpose is not to study these
physicochemical properties in detail, but only to verify the vaidity of equations (29),
(33) (or their particular cases (36), (37), (39)).

0]

(i)

The dissociation constant of carboxylic acidsisan example of molecular prop-
erty f depending on the substituents. Let us consider afamily of mono- and
disubstituted acetic acids CH,X—COOH or CHXY—-COOH, whose pK vaues
(denoted by pKx or pKxy) have been measured (table 1). If we choose the
monosubstituted value Ax = pKx as aparameter describing the substituent X,
we have equation (5):

PKxy = ao + a1(pKx + pKy) + a:pKxpKy; (43)

pKx and pKy are multiplied by the same coefficient a;, as shown in section 4
(the eguivalence of the geminal positions of X and Y, with respect to the mea-
sured property pK, need not be put forward here).

Using all the mono- and disubstituted values given in table 1, the coefficients
ag, a1, ax can be optimized in equation (43). When the values obtained,
ap = —09784, a; = 01919, a, = 0.1731, are subgtituted into equa
tion (43), we obtain a satisfactory model, since the standard deviation on f
is0.11. These coefficients approximately satisfy equation (35), since they give
apaz = —0.1694 and a1 (a; — 1) = —0.1550 (ratio 1.09). Since equation (35)
expresses the compatibility of equations (26) and (27), its best testing consists
in comparing thevalues of f(H) drawn independently from equations (26) and
(27). Thesevalues, 4.528 and 4.668, are close, and close from the pK of acetic
acid (4.756 [12,13]) which isameasure of f(H).

Similarly, the dissociation constants of the trisubstituted acids can be modelled
by an equation of the form (44):

PKxyz =ao + a1(pPKx + pKy + pKz)
+ ax(PKxPKy + pKypKz + pKzpKx). (44)

By linear regression, we obtain the coefficients ag = 0.5664, a; = —0.4695,
a, = 0.1619. Equation (39) isonly very approximately satisfied, sincewe have
dapa, = 0.3668 and (a; — 1)(3a; + 1) = 0.6004 (ratio 1.63). Thisresult is
explained by the bad quality of the model (the standard deviation on f is0.87,
due namely to the abnormal molecules (CH3, CN, CN) and (Ph, OH, F)). How-
ever, the compatibility of the equations (26) and (27) is good enough, since the
values of f(H) drawn independently from these equations, 4.383 and 4.538,
are close (and close to 4.756).
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Table1
pK of mono-, di-, and trisubstituted acetic acids CXY Z—COOH in water, at 25°C (except
otherwise stated). The experimental values pK ®P of the mono- and disubstituted acids
are used to determine ag, a1, ap by regression in equation (43); those of the mono- and
trisubstituted acids are used to determine ag, a1, a2 in equation (44). Abbreviations:
Et = ethyl, iPr=isopropyl, Ph= phenyl.
Monosubstituted acids (Y = H, Z = H)

X pK &P Ref. X pK &P Ref.

CH3 4.86 [11] COOH 2.83 [11]

Et 4.83 [11] CN 2.45 [11]
iPr 4.80 [11] OH 3.83 [11,12]

Ph 4.28 [11] NH» 2.35 [11]

CH2Ph 4.37 [11] F 2.59 [12]

CH,OH 451 [11] Cl 2.85 [11]

CH,COOH 4.16 [11] Br 2.90 [12]

Disubstituted acids (Z = H)

X Y pK®P pkCc  Ref. X Y pK®P pkCC  Ref.
CH3 CH3 4.88 4.98 [11] iPr COOH 2.94 2.84 [15]
CH3 Ph 4.64 4.38 [11] iPr NH» 2.29 235 [16]
CHz COOH 3.07 2.88 [11] Ph Ph 3.9 3.84 [11]
CH3 CN 2.37 2.48 [13] CH,Ph NH» 2.16 2.09 [16]
CH3 OH 3.86 391 [14] CH,0OH OH 3.52 3.61 [11,16]
CH3 NH» 234 2.38 [11] CH,OH NH, 2.19 2.17 [11]
CH3 Cl 2.83 2.90 [11] CH,COOH OH 3.40 331 [14]

Et Et 4.74 491 [15] CH,COOH NH» 1.99 1.96 [16]

Et Ph 4.37 4.35 [14] F F 131 1.18 [15]

Et NH> 2.29 2.36 [11,16] Cl Cl 1.48 152 [11,17]

Et Cl 2.86 2.88 [11] Br Br 1.40 1.59 [15]

Trisubstituted acids

X Y z pK &P pk cac Ref.
CH3 CH3 CH3 5.03 5.19 [11,12]

Ph Ph Ph 3.96 344 [13]
CH3 CH3 CN 2.422 253 [13]
CH3 Ph CN 2.290 212 [13]
CH3 CN CN -2.8 0.81 [13]
CH3 CH3 CH,COOH 3.77 4.42 [13] (meso)
CH3 CH3 CH,COOH 3.93 4.42 [13] (racemic)

CHoPh Ph CH,COOH 3.69 341 [13]
Ph Ph CH,COOH 3.48 3.33 [13] (meso)
Ph Ph CH,COOH 3.58 3.33 [13] (racemic)

CH,OH  CH,OH CH,OH 4.460 4.09 [13]
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Table 1
(Continued)
Trisubstituted acids

X Y z pK&P  pgcdc Ref.
CHs CHs COOH 3.17 2.95 [13]
CH3 Et COOH 2.86 2.93 [13]

Et Et COOH 2.151 291 [23]

iPr iPr COOH 2.124 2.86 [13]
CH3 CH3 OH 4.04 4.06 [13] (18°C)
CH3 Et OH 3.991 4.03 [13] (18°C)

Et Et OH 3804  4.00 [13] (18°C)
CH3 Ph OH 3.467 351 [18]

Ph Ph OH 3.036 3.02 [18]

CHs CH,COOH OH 35 3.40 [16]
CH,COOH  CH,COOCH OH 3.128 2.82 [13,18]

CH3 CH3 NH> 2.36 2.42 [11]

iPr NH» OH 2.55 1.67 [13]

CH,COCH OH NH> 191 1.33 [13]

Ph OH F 4.244 1.60 [13]

F F F 0.50 0.18 [13]

F F Cl 0.46 0.27 [23]
CH3 CH3 cl 2.975 2.97 [13]
CHs cl cl 2.06 1.41 [13]

cl cl cl 0.52 0.50 [23]
CHs Br Br 1.48 1.49 [13]
Br Br Br —0.147 0.57 [13]

6. Anexamplein NMR

The NMR vicinal coupling constant J between two hydrogen atoms is another
example of property f which has been studied as afunction of the substituents. We con-
sider afamily of ethanes CH,X—CH3 or CHXY—CHj3 bearing one substituent X or two
geminal substituents X, Y. The corresponding H - - - H coupling constant (denoted by Jx
or Jxy), taken from the literature, or newly measured, are given in table 2. Choosing the
parameter Ax = Jx to represent the substituent X, we have

Jxy = ag+ai1(Jx + Jv) +axJx Jy. (45)

By regression in equation (45), using al the measured coupling constants of table 2,
we obtain ag = —178.69, a; = 23.621, a, = —2.9972. These coefficients satisfy
equation (35), since they give aga, = 535.57 and a;(a; — 1) = 534.33 (ratio 1.002).
The compatibility of equations (26) and (27) is excellent since the values of f(H) drawn
from them are 7.556 and 7.547, respectively. These results are good, when compared to
the mean quality of the regression (the standard deviation on J is 0.23, due namely to
the abnormal molecules (OAc, C(=0)Me) and (F, F)).
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Table 2

Vicinal H---H NMR coupling constants in mono- or disubstituted ethanes CHXY—-CHg3.
Solvent CDCl3. The coupling constants referenced with a were measured by J.-C. Ziegler
on a400 MHz spectrometer at 25°C temperature, and at a 2% concentration in weight (solid)
or in volume (liquid). The experimental values J*P of the mono- and disubstituted ethanes
are used to determine ag, a1, ao by regression in equation (43). Abbreviations: Me = methyl,

Et = ethyl, iPr=isopropyl, Ac= acetyl, Bz=benzyl, Ts=tosyl.

Monosubstituted ethanes
X IeP Ref. X TP Ref.
Li 8.4 [19] OH 7.025 [22]
CH3 7.35 [20-22] OEt 7.02 [20-22]
Et 7.42 [20,22] OAc 7.145 a
Ph 7.616 a OBz 7.136 a
CN 7.63 [20-22] OTs 7.126 a
CHO 7.39 [20,22] ONO» 7.06 [23,24]
C(=0O)Me 7.332 a SH 7.34 [20-22]
C(=0O)Et 7.38 [20-22] F 7.00 [20,22]
COOH 7.56 [20-27] cl 7.26 [20-22]
COOEt 7.58 [20,22] Br 7.35 [19,20,22]
NH> 7.12 [20-22] [ 7.47 [19,20,22]
NO, 7.37 [20-22]
Disubstituted ethanes
X Y Iy JAe Ref.
CH3 CH3 6.61 6.62 [20,22]
CH3 Et 6.64 6.73 [20,22]
CH3 Ph 6.92 7.03 [20,22]
CH3 CN 7.05 7.07 [20-22]
CH3 CHO 7.07 6.68 [20,22]
CH3 C(=0)iPr 6.88 6.67 [20-22]
CH3 COOH 7.00 6.95 [20-22]
CH3 NH, 6.26 6.25 [21,22]
CH3 NO, 6.65 6.65 [20-22]
CH3 OH 6.13 6.16 [20,22]
CH3 QiPr 6.11 6.09 [22]
CH3 ONO, 6.20 6.16 [23,24]
CHs OAc 6.266 6.29 a
CH3 OBz 6.254 6.28 a
CHs OTs 6.250 6.26 a
CH3 SH 6.68 6.60 [20-22]
CH3 F 6.11 6.06 [20,22]
CH3 cl 6.49 6.48 [20-22]
CH3 Br 6.59 6.62 [20,22]
CHs | 6.77 6.81 [20,22]
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Table 2
(Continued)
Disubstituted ethanes
X Y Iy JAe Ref.
Et Li 7.88 8.18 [22]
Et Cl 6.54 6.61 [20,22]
Et Br 6.67 6.73 [20,22]
Et I 6.82 6.90 [20,22]
Ph CHO 7.07 7.07 [20,22]
Ph COOH 7.174 7.20 a
Ph NH> 6.621 6.86 a
Ph OH 6.450 6.71 a
Ph OAc 6.607 6.88 a
Ph OBz 6.566 6.87 a
Ph OTs 6.404 6.87 a
Ph Cl 6.832 6.97 a
CN Cl 7.10 6.94 [23,24]
CN Br 7.12 7.07 [20,22]
C(=0O)Me Cl 6.900 6.44 a
COOH COOH 7.373 7.14 a
COOH SH 7.10 7.00 [23,24]
COOH Cl 6.99 6.87 [20,22]
COOH Br 6.95 6.95 [20,22]
COOEt C(=O)R 7.161 6.98 a
COOEt COOEt 7.3 7.16 [20,22]
COOEt OAc 7.007 6.76 a
COOEt OBz 7.054 6.75 a
COOEt OTs 6.931 6.74 a
COOEt Br 6.939 6.97 a
OFEt OFEt 5.35 5.24 [20,22]
OAc C(=0O)Me 7.086 6.25 a
F F 452 5.14 [20,22]
cl cl 6.04 6.31 [20,22]
cl [ 6.5 6.70 [23,24]
Br Br 6.35 6.62 [23,24]
[ [ 7.0 6.96 [23,24]

7. Conclusion

All the aternative sets (1) of substituent parametrizations which are compatible
with alinear plus cross-term model (4) are affine transforms (6) of one another. For arbi-
trary parametrizations A; thereis no general relationship between the coefficients ag, a1,
ay;; of the model. In the case of equivalent positions of substitution, the expression (18)
isinvariant in a change of parametrization.

The self-parametrization (f;) (the case when the monosubstituted value f;(X) of
f ischosen as the parameter representing the substituent X in position i) is one of the



80 B. Blaive, J.-C. Ziegler / Modeling of substituent effects with self-parametrization

aternative sets (4;). In this case, we have shown that the coefficients ag, ai;, az;; of
equation (5) are linked by the n important relations (29) and (33).

For two substituents in equivalent positions, the coefficients aq, a1, a, are con-
nected by the ssimple relation (35). It is a nonintuitive result that, for two nonequiva:
lent positions, the coefficients a1; and a;; till coincide, and that the relation (35) is till
valid. For three substituents in equivaent positions, the coefficients ag, a1, a, are linked
by equation (39). We have verified that these relations are well or roughly satisfied by
the coefficients ag, a1, a; optimized from measured acid—base dissociation constants, or
from NMR coupling constants.

Having a set of measured values of a molecular property f, one has two possi-
bilities for creating a linear plus cross-term model: either (i) take the relations (35) or
(39) into account to reduce the number of coefficients to be optimized (thisisinteresting
when one has few experimental points); or (ii) ignore these relations and optimize all
the coefficients asif they were independent, to get abetter model (more coefficients give
a more accurate model). However, even when one makes the choice (ii), it is essentia
to be aware that the coefficients are theoretically dependent, and to know the relations
linking them.

In this article, the study of self-parametrization was restricted to the linear plus
cross-term models. It is clear that similar reasonings can be applied to other forms of
model equations, showing also that the coefficients are interdependent, but with different
relations.

We have chosen the substituent H asthe reference substituent in the definition of the
fi's, and throughout this article. However, any type of substituent can be chosen instead
of H, with the same results. Moreover, the reasoning, and the equations obtained, are
il valid when the notion of substituent is extended into any structural element which
modifies the environment of the active site of the molecule. For example, a chain of
atoms bonded on its two ends to the substrate can be considered as a substituent.

We have assumed in the introduction that f was a scalar property. Self-
parametrization can also be considered for avector property f = (£, ..., f®). Then,
several parameters A (X) = £ (X) will represent the influence of a substituent X in
position i, and tensor coefficients a will be needed.
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